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Is the Cabibbo Angle a Function of the Weinberg
Mixing Parameter?
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The (u, ) quarks and (d, s) quarks are required to have mass matrices of a certain
form. To achieve these mass matrices appropriate Lagrangians are assumed. The
u quark is coupled to the standard Higgs scalar ¢, . The ¢ quark has a-ys coupling
with ¢, and g, where ¢r is the Higgs scalar corresponding to the left—right
model. The u quark has no ys coupling. Both u, ¢ quarks have a Yukawa coupling
with aHiggs multiplet. Exactly similar Lagrangians are chosen for the d, s qurks.
Using these mass matrices, the Cabibbo angle is found to be 13° 11'. The ratio
mc/mg is shown to be approximately 3.1 with the help of the Weinberg mixing
parameter. The mixing angles 6, and 6, determine the Cabibbo angle. The ratio
tan 6,/ tan 6, is shown to be a function of the Weinberg mixing parameter.

1. INTRODUCTION

An understanding of fermion masses and mixing angles still eludes us.
The masses and mixing angles are probably clues to extend the standard
model. Any scheme that can account for the observed quark and lepton
masses and mixing angles should bewelcome. Thefirst generation of fermions
are the electron e, its neutrino ve; and the u and d quarks. The second
generation consists of the muon ., its neutrino v, and ¢ and s quarks. The
third generation has also been observed.

The mixing between generations manifests itself in the system of quark
charged weak currents. By convention, the mixing is assigned to the Q =
—1/3 quarks by

Fen(quark) = uly*dia = u'yUL(WUI(d) die = ueyd?  (1.2)
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where
Lo = Vap Oig (,B=1...,n) (1.2)
and
V = U (yu{(d) (1.3

Thusthe Q = —1/3 quark states participating in the transitions of the charged
weak current are linear combinations of mass eigenstates. The quark mixing
matrix V, being the product of two unitary matrices, is itself unitary. The
standard model does not predict the content of V. Its matrix elements are
extracted experimentally. For the two-generation case V is called the Cabibbo
matrix. For three generations it is called the Kobayashi—Maskawa matrix.
For n generations V is an n X n unitary matrix. It is characterized by n(n —
1)/2 angles and n(n + 1)/2 phases. Not all the phases have physical signifi-
cance because 2n — 1 of them can be removed by “quark rephasing.”

For two generations, there are no complex phases. The only parameter
is commonly taken to be the Cabbibo angle 6 and we write

[ cosBc  sSn6c
V= (—sin 0c cos 6C> (1.4)

Within the two-generation approximation, weak interaction decay dataimply
the numerical value sin 6 = 0.228 or 6 = 13° 11'.

The aim of this paper is to show that the Cabibbo angle is related to
the Weinberg mixing parameter; the scope of this work is limited to the two
generations of quarks. In Section 2 we derive a general formula for the
Cabibbo angle. Sections 3 and 4 contain mass matrices for u, ¢ and d, s
guarks. In Section 5 the Cabibbo angleis computed. This section also contains
a brief discussion of our result.

2. MASS MATRICES AND THE CABIBBO ANGLE

Let the total number of Higgs multiplets that couple to quarks be at
most two, so that the electroweak group is SU(2). X SU(2)r X U(1). Let
there be two generations of quarks. We allow a phase transformation among
various generations of fermions such that

fi - eiﬁfi (2 1)

where i is the generation number and 8 is an arbitrary phase factor. If we
confine consideration only to quarks, Eq. (2.1) shows that each generation
of quarks transforms into itself times a phase factor. All the Higgs fields
must have well-defined properties under the phase symmetry.
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i = eXidy; (2.2)
where x; is also arbitrary. Yukawa couplings are allowed if they are invariant
under the phase symmetry. We now construct the mass matrices for quarks
on the above basis of permutation symmetry and phase transformation for
two generations of quarks only.

The above requirements lead surprisingly to a unique nontrivial form
of the mass matrix for two generations. For u, ¢ quarks we have

i 1/2
Ml:(A@im”zlgyﬁm> @3)

where m, and m, are the constituent masses of the u and ¢ quarks, respectively.
The matrix M;M;* has eigen values m,? and m.?, and M;M;* has the follow-
ing eigenvectors:
1 1/2 1/2
T L 12 rnc 1/2 and ; mu 1/2
(m, + me)¥2 \imy (m, + m)¥2 \ —ime

The unitary matrix U, that diagonalizes the M;M;* mass matrix is given by

U= G (e ) @4
In an exactly similar fashion the mass matrix for d, s quarks is given by
o (g ') e
and M,M," is diagonalized by the unitary matrix Ug, where
U= e o) @9)

By definition, V(6,) = U.Us", and

[ cosBc  sSinBc) [ cos(B, —6) sin(6, — 69)
V() = (—sin 0c cos 6c> N (—sin (6, — 0,) cos (0, — 0,) (27)

In the above
B = 0, — 6; = (tan  (my/my¥?  —tan™*(m,/m)"?) (2.8)

3. THE (u, ¢) MASS MATRIX

Let the Higgs sector consist of the multiplet® &(1/2, 1/2*, 0) and $ =
T, *71,(1/2, 1/2*, 0), such that
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(kO
@=(5 2 (3
where k and k' are red. In addition to the above multiplet, the Higgs sector
has the Higgs scalar ¢, corresponding to the standard model, and another
Higgs scalar ¢ corresponding to the left—right model, with

<¢L> =W (3.2
<¢R> = Vg (3-3)
Then, let
—Ly = hQudQr + h,QLdQr + H.c. (34)
where
Q = (gt). Q= (32) (35)

From the above Lagrangian we note that the masses of u and d quarks are
given by

mu = m]_ = hlk + hzk’ (36)
and
my = mg = hk' + hk (3.7)

The Yukawa coupling constants h; and h, are real. In an exactly similar way
we assume that ¢ is also coupled to ¢ and s quarks such that

—L, = hyQuédQr + N QLdQr + H.c. (3.8)
where
Q= (3) and  Qg= (;z) (39)
At this stage, the masses of ¢ and s are, respectively,
m, = hsk + hyK’ (3.10)
m, = hk + hgk’ (3.1

The coupling constants h; and h, are real.

In addition to the above Lagrangians, the u and ¢ quarks are also
coupled® to ¢, . Before examining this, let us note an important item. Given
a Dirac field (s, the Hermitian scalar and pseudoscalar sy and ilryss have
opposite CP and T transformation properties. (In this respect they are unlike
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the vector and axial vector sy\s, Ury\ysb). Thisisthekey to the CP violation
by a Higgs field. The ssimplest model uses a Higgs field ¢, and a Lagran-
gian containing

M + ialryslid, (312

where a is a rea coupling constant. This conserves CP if ¢, is assigned
CP = —1. But if spontaneous symmetry breaking gives ¢, a nonzero VEV,
V., (3.12), may be written

(m? + aVA)Ya'y’ + af’(sin o + iys cos a)ls'd, ' (3.13)
where
dL=VL+ o and b= exp(—Fivs)’ (3.14)
and
tan o = av, /m (3.15)

Vector or axial-vector interactions are unaffected by the transformation from
s to ’. The CP violation is now caused by the exchange of ¢, particles.®

To implement the above scheme in the case of u, ¢ quarks the following
Lagrangian is chosen:

—Ls = muu + myCCc — a;Uud, + iagicd, — iagCud, (3.16)
+ ia CysChL + iagCysChr

where a,, a,, a,, and ag are real. The first two terms are the contributions
of Egs. (3.6) and (3.10). After spontaneous symmetry breaking and due to
the following transformations and restrictions,

c = exp(—ivys a/2) ¢’ (3.17)
u = exp(—iys a,/2) U’ (3.18)

and
m=a V, and o1 +a,=0 (3.19

we can write the Lagrangian Lz in the following way:
—L; =0TV + iagV U'C’ — iagV, T'U
+ [ + (a VL + arVR)MZT'c’ — (a3 00S ag)U'U'd{
+ iagl’c’dl — iaC'u'd — i(ay sin ag)U'ysu'df
+ a, C'[iys cosay + Sin ag]c' ¢/
+ agC'[iys €COS a; + Sin a]C' dbg (3.20)
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To avoid such constant terms like T'ysc' in the above Lagrangian we
require that

tan a; = (a V. + arVR)/Mm, (3.2
In addition, a; + a, = 0 ensures the absence of terms like U'ysc'V, and
u'ysC'd, " and their Hermitian conjugates. The choice m; = a,V, is required
to obtain a mass matrix that has the desired form as in Eqg. (2.2). So finaly

this choice of the Lagrangian along with the constraints |eads to the following
mass matrix for the u, ¢ quarks:

_ 0 iagV, u
@ C)< —igVy  [m2 + (Vv + aRVR)Z]]JZ)(C) (322)

The parameters ag, M, a., and ar are free parameters of the model. There
are no restrictions on them. Suppose

[M? + (& Ve + aVR)AY? = [my My Bi(1 — ADIY2 — my (3.23)

and
aVL = [{[m? + (a VL + arVR)]Y2 + my} my]¥2 (3:24)
With this choice the eigenvalues of M; M;* are
m2 = my? (3.25)
mZ = mMw B, (1 — Ay) (3.26)

In obtaining these expressions we have used a result obtained earlier.®» The
constants B; and A, are given by

~ (9v/94)ds
L (0v/ga)i (327)
A = [1 — (9v/9a)ie v2 (3.28)

Here gy and g, are the vector and axia vector coupling constants of the
particlesindicated by the subscripts with the Z-particle of the standard model.
Equation (3.26) along with Egs. (3.27) and (3.28) for m2? can be written
down by just examining asimilar expression for m derived in ref. 2. Finaly,
using (3.27) and (3.28) in Eq. (3.26), we have

2 = g, VO [ [1 (oY ]”2 (329
" (ov/gn)ie 9n /e '

4. THE (d, s) MASS MATRIX

We follow an exactly similar procedure in the case of d, s quarks. The
d, s quarks are coupled to ¢, and ¢g in the following way:
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_L4 = nbad + m4§S - azadd)L + |b0 an)L - |b0§j d)L
+ ib Syss ¢ + ibRSYsS dr (4.1)

In the above a,, by, by, and bk are all real. Moreover, m; and m, are contribu-
tions of Egs. (3.7) and (3.11). In addition,

d = exp(—i vys as/2) d' 4.2
S = exp(—iysas/2) s (4.3)

In addition to the above we require that
az+oas=0andm; = a, V,. (4.9

With these conditions after spontaneous symmetry breaking the Lagrangian
(4.1) may be written as

—L,=0dd +ibV, ds —ibyV, §d
+ [m? + (b VL + brVR)AY?S s — (a, cos ag)d’ d &’
+ ibd's'¢p" — ibSd b —i(a Sinay)d ysd &’
+ b S[iys COS oy + SN ]S b’
+ brS'[iys COS g + SiN ay]S' bR’ (4.5)
Again to avoid 5'yss' type of terms we require that
tan oy = (b VL + brVR)/Imy (4.6)

The mass matrix M, for d, s quarks is given by

[ o bV,
M. = ( —ibovy (M + (b Vi + vaR)Z]”) 4.7

The parameters by, b, bg, and m, are still free.
With the choice

[m? + (bVL + brVR)TY2 = [m, My Bx(1 — A)]*2 — ms (4.8)
and
boVL = [{[ms + (b VL + brVR)AY? + mg}mg]¥2 (4.9)
we have

_ (Ov/9n)e
(Ov/9a)ds

B, (4.10)
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and
Ao = [1 = (Qv/Ga)dd ™ (4.11)
We note that
M2 = mg? (4.12)
and
4 712
e g [T e

The resemblance of this expression to Eq. (3.29) should be noticed. Of course
the above expression can aso be directly written down by just examining
the expression for m?2 in ref. 2. Here u, d play the same role as the neutrino
does in the case of mZ2.

5. CABBIBO ANGLE AND DISCUSSION

In Egs. (3.29) and (4.13), g, and g, are the vector and axial vector
coupling constants of the particles indicated by the subscripts with the Z
particle of the standard model. Moreover, my and m, are the constituent
masses of down and up quarks. For numerical calculations we assume that

m, =~ my = 0.3 GeV (5.2)
From the standard model prescription we know that
(9/9a)d® = (9/9n)s* = (8/Ga)s” = (—1 + $X)?
(Q/9a)” = (9/9a)c" = (B/Ga)® = (=1 + X)) (5.2)

Here X_ = sin®0,, where 0,y is the Weinberg mixing angle. From (3.29) and
(4.13) we observe that m, = 1.7 GeV and my = 0.57 GeV provided My, =
80 GeV and X, = 0.2254.9

Therefore,

0, = tan~*(my/my)Y? = 35°58’ (5.3)
0, = tan~}(m,/my)Y? = 22°47', (5.4)

and so the Cabibbo angle is
Bc = 6, — 6, = 13°11’ (5.5)

and
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sin 6c = 0.228 (5.6)

This agrees pretty well with the experimental value noted in the introduction.
Equations (3.29) and (4.13) can be approximated by

2m? ~ meMw (9v/ga)d* (5.7)
and
2m? ~ mMw(9/9n).* (5.8)
The above expressions yield the ratio
2

my (gv/ gA) u2

This ratio depends only on the Weinberg mixing parameter. Thisratio iswell
known from many experiments. Here the masses are constituent masses.
Equation (5.9) can be compared with experiment. The important point is that
Eq. (5.9) is a prediction based on the standard model.

From the approximate expressions for m2? and m? it also follows that
q1/2 - 412

21/2n-1d (2mu)1/2
tan 6, =~ A~ 5.10
2 M) 0d907] LM (gdga2] OO
and
I 12 12 T 12 1v2
tan 0, ~ Zm | CLL . TN
| (MgMw)™ (9v/9a)d” | (M) (9/9n)d”
From the above we notice that
1/2
tan 6, _ |:(gv/gA)d2:| (5.12)
tan 6l (gv/gA)u2 ’

In this paper Lagrangians L; and L, are chosen in such a way that the mass
matrices of (u, ¢) and (d, s) quarks have a desired form. The Lagrangians
contain free parameters which are chosen so as to lead to known expressions
for m2 and m2. However, these free parameters of the Lagrangians can be
experimentally determined once the Higgs multiplets are discovered. But the
important point is that now the content of the mixing matrix is determined
by the standard model or extensions thereof. Much experimental data exist
on the four-quark model. These data can be used to find the ratio m./ms and
through it the Weinberg mixing parameter can be evaluated. If it agrees with
the experiment approximately, then the contents of this paper are on a solid
foundation. For the first time relations like (5.9) and (5.12) are obtained
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where the quark mass ratio and mixing angles appear as functions of the
Weinberg mixing parameter.
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